THE STRESS-ENERGY TENSOR FOR BIHARMONIC 

MAPS 



E. LOUBEAU, S. MONTALDO, AND C. ONICIUC 

Abstract. Using Hilbert's criterion, we consider the stress-energy ten- 
sor associated to the bienergy functional. We show that it derives from a 
variational problem on metrics and exhibit the peculiarity of dimension 
four. First, we use this tensor to construct new examples of biharmonic 
maps, then classify maps with vanishing or parallel stress-energy tensor 
and Riemannian immersions whose stress-energy tensor is proportional 
to the metric. 



1. Introduction 

As described by Hilbert in [TBI, the stress- energy tensor associated to 
a variational problem is a symmetric 2-covariant tensor S conservative at 
critical points, i.e. div 5 = 0. 

In the context of harmonic maps, i.e. critical points of the energy E{(j)) = 
\ Im l^^l"^ '^9' stress-energy tensor was studied in details by Baird and 
Eells in (Ij. Indeed, the Euler-Lagrange equation associated to the energy 
is the vanishing of the tension field r((/>) = trace Vdi^, and the tensor 

S=^\dcl>\^g-c^*h 

satisfies div 5 = —{T{(j)),d(j)). 

As shown by Sanini in j24j . S vanishes precisely at critical points of the 
energy for variations of the domain metric, rather than variations of the 
map. 

In this paper we consider a natural generalization of harmonic maps, 
suggested by Eells and Sampson ^Ij: the bienergy of cj) '■ {M,g) {N, h) is 

^ JM 

and a map is biharmonic if it is a critical point of E2, equivalently, if it 
satisfies the associated Euler-Lagrange equation 

r2(0) = -Ar((/.) - trace i?^(ci(/>,T(0))d</. = 0. 
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In JH]) Jiang constructed an ad-hoc (0,2)-tensor 



S2{X,Y) = i|r(0)|2(X,y) + (#,Vr((/>))(X,y) 

-(#(X),Vyr(</.)) - (#(y),Vxr(</>)), 

such that div 52 = —(t2 ((/>), dcj))^ thus conforming to the principle of a stress- 
energy tensor for the bienergy. In analogy with harmonic maps, one would 
expect that such a tensor could be depicted by metric variations. Theo- 
rem 1^31 shows that ^2 does indeed possess this property. 

Motivated by this characterization, we study 5*2 = in details, and de- 
scribe, in Section |21 situations for which this implies harmonicity of the 
map. On compact domains (m ^ 4), this was already proved by Jiang. This 
specialness of dimension four is the subject of Theorem 13.121 and Proposi- 
tion 13.131 where Riemannian and conformal immersions with 5*2 = are 
classified. 

A salient feature of this tensor is its usefulness in finding new biharmonic 
maps. In fact, the search for maps with vanishing bitension field is replaced 
with one for divergence-free stress-energy tensor, as implemented in Propo- 
sition E21 and EUl 

Since 52 = is a particularly strong condition, we study, in Section ^ 
maps with parallel stress-energy tensor. This clearly is stronger than being 
simply divergence free. In Theorem l4.41 we classify hypersurfaces with paral- 
lel stress-energy tensor and, in ProDosition l4.5l characterize pseudo-umbilical 
Riemannian immersions with parallel stress-energy tensor. 

Finally, we point out that, if M is compact, the bienergy is homogeneous 
of degree zero with respect to the metric g if and only if m = 4. There- 
fore, if m 7^ 4, changing homothetically the domain metric, we can render 
the bienergy arbitrarily large or small. This leads to considering volume- 
preserving variations of the metric, a natural problem in geometry as for the 
characterization of Einstein metrics [H] . The last section classifies Riemann- 
ian immersions which are critical points of E2 with respect to isovolumetric 
variations. 

See [2ni for an account of biharmonic maps and ^Hl for an up-to-date 
bibliography. 

Conventions. We work in the C°° category, i.e. manifolds, metrics, con- 
nections and maps are smooth, and {M"^,g) denotes a connected manifold 
of dimension m, without boundary, endowed with a Riemannian metric g. 
By an abuse of notation, (, ) indicates inner products from different vec- 
tor bundles. The Riemann curvature operator is defined by R{X,Y)Z = 
[Vx, Vy]Z — \7[x,Y]^- "^^^ notations (J and b are for the standard musical 
isomorphisms. Compactness is not assumed unless explicitly stated. 
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2. The Euler-Lagrange equation and applications 

For smooth maps (p '■ (M, g) — > (A^, h) between Riemannian manifolds, M 
compact and orientable, consider the bienergy functional E2: 

E2 : C'^{M,N) ^ R, E2{(l)) = [ |r(</))|2 Vg, 

Jm 

and, as mentioned in the introduction, a map is biharmonic if it is a critical 
point of E2, that is, for any variation {(f)t} of (/>, ^|^^Q-E2(0t) = 0. 

Opting for a different angle of attack, one can vary the metric instead of 
the map, more precisely, given : M — > (A^, /i), consider the functional 

F : G ^ R, F{g) = E2{<P), 

where G is the set of Riemannian metrics on M. As G is an infinite dimen- 
sional manifold ([ZD) it admits a tangent space at the set of symmetric 
(0, 2)-tensors on M, i.e. 

TgG = C{Q^T*M). 
For a curve t ^ gt va. G with go = g, denote by 

^ = ^\t=o^9t} = Kat) G TgG 

the corresponding variational tensor field which, in local coordinates, can be 
written 

^gi ' ' 

ot 

where gt = gij{x,t)dx^dx^ , and write 6 = ^|j_q for the first variation. 
For a one-parameter variation {gt} of g we have 

Figt) = l I \rt[4>)?Vg,. 

We now compute 5{F{gt)). Differentiating F{gt) leads to: 

(2.1) 5{F{gt)) = \f 5{\Tm'') vg + \f |r(0)|2 8{vg,). 

^ JM ^ JM 

The calculation of the first term breaks down in two lemmas. 
Lemma 2.1. The vector field ^ = (divw)'' — ^ grad(trace satisfies: 

Hlnm^) = -2(r(0).V#,u;) -2(t(0),#(O), 
where T{(j)).Vd(l) £ C{q'^T*M) is intended as 

{T{(t>).Vd^){X,Y) = {T{^),Vd^{X,Y)). 
Proof. In local coordinates {{U;x^)}^i on M and {{V;y")}2,=i on A'^: 

(2.2) Silrm^) = 5{h^p{cl>)T^T^) = 2h^Mrt)y. 
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Now 

Since g'\x,t)gik{x,t) = 4, 6g'^ = -g'''g^\dgab) = -g'^g^'cOab, so 
(2.3) 6iTn = -g'W'^ab{Vdcp)% - g'^{5T%)<Pt. 

Now we compute the term g^^ {STfj)(f>'^. From 

r^.(x,o = i/'(x,t)(||(x,t) + ^ix,t) - ^(.,t)) 

we have: 

[ZA) - ^g g U;ab[g^J + g^^ g^l ) + [g^^ + g^^ g^^ ) 

- -g r,,.u;., + -5 + 



But 



imphes 



dujii diJij diJij 



+ id-iu- = ^j^^^ + ^^^^^ - ^^^^^ + 2r.' ^h^. 



dx^ dx^ J * « J «j 4j 

So replacing in Equation (|2.4j) we obtain: 



(2.5) Sr'^j = ^g'^^VjiOii + ViUJij - Viujij) 
and 

(2.6) g'^iSr'l^)<Pt = /^(V,'^/ - ^V, traceu;)<^? = 

From (ESI) and (gSl), the lemma follows. □ 

Lemma 2.2. Consider the one-form d(j).T{(j)) S A^{M) defined by d(f).T{(])){X) 
{d(j){X),T{cl))) , and sym (V(d(/).r((/)))) the symmetric part of V{d(j).T {(/))), 
then: 

(r(0),#(O> Vg= [ (-sym(V(#.T(0))) +^(div(#.r(,/.))V,a;) Vg. 
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Proof. First observe that: 

(2.7) {T{(l)),d(l){Z)) = {d(l).T{(l)), Z^), VZ G CiTM). 

By the definition of ^ 



(2.8) I {T{<P),dm)v9 = / (r(</.),#((divu;)tt)) 7;, 

(r ((/)), d</)( grad(traceLL'))) Vg 



1 



M 



and, by (|2.7|) . the first term on the right-hand side of 1)2. 8jl becomes 

{T{^),d<P{{diVUj)^)) Vg= [ (#.T(0),diVU;) Vg. 

M Jm 

On the other hand, if ^ e A^^), ^ e C{Q^T*M), and (7(0, a) = {e'aij)dx^ 
{9ia^j)dx^ denotes their contraction, we have: 

(2.9) {6, diva) = dw{C{9,a)^) - (sym(V0), a). 
Applying (|2.9|) to 6* = d(j).T{(j)) and a = lo, yields 

(2.10) / (T(0),#((diva;)«)) t;3 = - /" (sym (V(#.t(0))) , c^) t;^. 
Jm Jm 

The second term on the right-hand side of 1)2. 8|) can then be written: 

(t((/)), d(/)( grad(tracea;))) = / {d(f).T{(f)), d{tra,ce uj)) Vg 
M Jm 



{[d(f).T{(f))) , gr ad (trace cj)) Vg 

r 

(2.11) = - / (trace w) div (#.r((/.))* 

Jm 



((div {d4>.T{4>)y)g,u) Vg. 

M 

The lemma follows from (|TH1), (ITTni) and (ITTTll . □ 

This preparation is the key to: 

Theorem 2.3. Let cp : (M, g) — > (A^, h) be a smooth map, M compact and 
orientable, and {gt} a one-parameter variation of g through Riemannian 
metrics. Then 

Kn9t)) = -\ [_{S2,u;) Vg, 
where S2 G C{q'^T*M) is given by: 



M 



(2.12) S2{X,Y) = i|r(<A)|2(X,y) + (#,Vr(c/>))(X,y) 



-(#(X),Vyr(</.)) - (#(y),Vxr(</>)). 
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Proof. Recall that 8{vg^) = {^g,u>)vg (see, for example, (SIE])- Then, by 
Lemma l2 . II and 12.21 we can rewrite l\2.1^ : 

mgt)) = |^^([^|r(,^)p5-^(div(#.r(0))V 

+ sym (V(#.r(</.))) - r(0).V#] , Vg. 

The formula (cf. |15j ) 

(2.13) div(#.T(0))" = |r((/>)|2 + ((i,/.,VT(0)) 
and the expression of sym (V(fi(/).r(</)))) : 

sym(V(#.T(0)))(X,y) = ^(^{V{d4>.T{4>))){X,Y) + {V{d4>.T{4>))){Y,X) 

= (V#(X,y),r(</.)) 

+ i((#(X), Vyr(</.)) + (#(y), Vxr(</>))), 

end the proof. □ 

As mentioned in the introduction, 5*2 was known by Jiang in ^Hl; where 
he proved the following 

Theorem 2.4 (HH]). For any map (j) : {M,g) {N,h): 

diwS2{Y) = -(T2(</.),#(y)), V y G C{TM). 

Proof. We give a proof for the sake of completeness. Write S2 = Ti + T2, 
where Ti,T2 £ C{q'^T*M) are defined by 

T,{X,Y) = i|T(0)|2(X,y) + {d4>,VT{<P)){X,Y) 

T2{X,Y) = -{d^{X),VYrm - {d^{Y),VxTm. 

Let p € M and {Xj}™ ^ a geodesic frame centered on p. Writing Y = Y'^Xi, 
at p, we have: 

divTi(y) = Y.{Vxr,)ix,,Y) = Y,{MTi{x,,Y))-n{x,,Vxy)) 

i i 
i j 

(2.14) _i|r(0)|2x,r - Y,{dHX,),Vx,r{^)){XiY^ 

j 

= {VYT{(t>), T{(t>)) + Y.{Vd<p{Y, Xi),VxA<^)) 

i 

+Y,mxi),VYVxA4>)) 

i 

= {VYr{(t>),T{cl))) + trace(V#(y, •), V.r(0)) 
+ trace(#(-), VV((/>)(y,-)), 
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whilst 

divr2(y) = ^(x,(r2(x„y))-r2(Xi,Vx,n) 

i 

= -{VYr{4>),T{<f>)) - Y,{^d<p{Y,X,),VxM<t>)) 

i 

(2.15) - Y,{d<P{X,), Vx^Vyri^) - ^Vx,Yr{4>)) 

i 

+{d<^{Y),/\T{cl>)) 
= -(Vyr((/>),T((/.)) -trace(Vd</.(y,-),V.r((/>)) 
-trace(#(-), VV(</))(-,y)) + Ar(</.)). 
Summing (|2.14j) and (|2.15|) gives: 

div52(y) = (#(y),Ar((/<)) + J^(#(Xi),i2(y,Xi)r((/.)) 

i 

= -{T2i^),d(t>{Y)). 

□ 

Theorem 12.41 hnks 5*2 with the bitension field and immediately leads to 
the following characterizations. 

Corollary 2.5. Let (p : {M,g) iN,h) be a smooth map. 

a) If (p is a Riemannian immersion, then div 5*2 = i/ and only if the 
tangent part o/t2(0) vanishes. 

b) If (j) is a submersion (not necessarily Riemannian), then div 5*2 = 
if and only if 4> is biharmonic. 

These results are applied to construct proper (i.e. non-harmonic) bihar- 
monic maps. 

Proposition 2.6. Let (j) : {M,g) — > {N,h) be a submersion, M non- 
compact. Assume that t((/)) is basic, i.e. T{(f)) = C, o (p, where C, G C(TN). 
If C is Killing and |Cp = c'^ 7^ is constant, then (j) is proper biharmonic. 

Proof. We prove that div52 = 0. The tensor 52 takes, in this case, the 
expression: 

S2{X,Y) = {^+(#,Vr(0))}(X,y)-(#(X),VyT(0))-(d</.(y),Vxr(0)). 

Now, let p be a point in M and {Xj}^^ an orthonormal basis of TpM such 
that {X^]l=i belongs to T/^M = {T^ M)^ and {X4™^„+i to M = 
kerd(j){p). As C is Killing: 

{dct>,VT{<P)){p) = J2(dMXa)yxM<P)) + Y,{dMXa),VxM<P)) 

a a 

a 

= 
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and, for any X,Y G TpM, 



,2 



2 

\X,Y). 



C2 



2 

2 

Thus S2 = y9 divergence free. 

If M is compact, since (d(/>, Vr(0)) = 0, integrating ()2.13p . yields r((^) = 
0. □ 

We apply Proposition EEl to three situations. Recall that a function is affine 
if its restriction to any geodesic is affine with respect to the real parameter, 
or, equivalently, if its gradient is parallel (|2S1)- 

Application 2.7. Let (M, g) and (A'^, h) be Riemannian manifolds and de- 
note by M X j2 N their warped product with respect to a positive function 
on M, then the projection tt : M x p N ^ M is a Riemannian submersion 
with T(7r) = ngrad(ln/) o vr. When In / is affine, grad(ln/) is Killing of 
constant norm ( 5 ), hence vr is biharmonic. 

Application 2.8. For a vector field C, on M, TM can be endowed with a 
Sasaki- type metric such that the projection vr : TM ^ M is a Riemannian 
submersion and r(7r) = — (m -|- 1)^ o vr Choosing ^ Killing of constant 

norm makes vr biharmonic. 

In Application 12. 7( the fibres of vr do not have the same volume, otherwise 
the next proposition would force the map to be harmonic. 

Proposition 2.9. Let (p : {M,g) — > {N,h) be a Riemannian submersion 
with basic tension field, M compact and orientable. If \o\{4>~^ {q)) is con- 
stant then (p is harmonic. 

Proof. Write T{(p) = ( o cj), £ C{TN) then, by a simple calculation, 
{d(p,VT{(p)) = (divC) o (P. If yol{(j)-^{q)) = c for all q £ N, the coarea 
formula ([Hlin|)j would impose: 

Vr(0)) Vg = (divC) o(f)Vg 

M JM 

i / (divC)(g) VgJ Vh = c divC Vh = 0, 
where Qq is the induced metric on (p^^^q) C M. On the other hand, 

{dcP,VT{^)) Vg = - [ \Ti^)\^Vg = -[ \C\^O^Vg = -c[ \C\^Vh. 
M JM JM JN 

□ 

Application 2.10. A submersion (p : {M,g) {N,h) is horizontally con- 
formal if there exists a positive function A G C(M), the dilation, such 
that 

hidcPpiX), d(PpiY)) = X^gpiX, Y), VX, Y G (ker 
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A partial biharmonic analogue of the Baird-Eells Theorem, which states 
that, for horizontally homothetic submersion harmonicity is equivalent to 
minimality of the fibres, would be: 

Proposition 2.11. Let (/) : {M,g) — > {N,h) be a submersion with dilation 
X = Xo (j) and minimal fibers. If X^ is non-constant and affine, and n ^ 2, 
then (j) is proper biharmonic. 

Proof. By a straightforward computation we get t((/)) = ^(gradA^) o 
and, since is afhne, then grad A^ is Killing of constant norm. □ 

We point out that a horizontally conformal submersion (j) : (M, g) — > 
{N,h), with constant dilation along the fibres, is the composition between 
a Riemannian submersion ip : (M, g) — > (A^, h) and the identity map 1 : 
(N, h) (N, h), where h is conformal to h. 

Proposition 2.12. Let 1 : {M"^,g) {M"^,g = e^Pg) be the identity map, 
m^2 and p£ C°^{M). 

a) If p = ln^/J, f a nonconstant affine positive function on {M,'g), 
then 1 is proper biharmonic. 

b) If p is a nonconstant affine function on {M,'g), then 1 is proper 
biharmonic if and only if m = A. 

Proof, a) To prove divS'2 = 0, we compute: 

t(1) = (2 — m) gradg p = (2 — m)e'^P grad^ p = ^ grad^(e^''). 

By hypothesis, e^^ = f is affine on {M,g), thus grad^(e^'') is parallel and 
Vr(l) = 0, V being the connection of g. Therefore 52 = ^c^g, with = 
|r(l)|^ constant. 

We note that this result can be also obtained by Proposition 12. Ill 
b) From V grad^ p = we infer: 

|r(l)|| = (2 - mfc^e^P, Vxr(l) = 2(2 - m)e^P{Xp) gradg p, 

where = | grad-^ p\^ is constant. Put S2 = Ti — T2, with 

Ti = (-|r(l)|2 + (dl, Vr(l)))ff = ^ U^e^Pg 

and 

T2{X, Y) = (dl(A), VyT(l)) + (dl(y), Vxr(l)) = 4(2 - m)e^P{Xp){Yp). 
Then: 

(2.16) divTi(Z) = (^^^^^^^^^^(grade^^Z) 

= 2{2 -m){6-m)c^e'^P{Zp), 
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and 

(2.17) divT2{Z) = 8{2- my e^P{Zp)- 4(2 -m)e'^P{Ap){Zp) 

+4(2 - m)e'^P Hess pigradg p, Z). 

If we look at p as po 1, where p : {M,g) — > M, and apply the chain rule, we 
get 

(2.18) -Ap = (2 - m)c'^e'^P, Hess ;9(gradg p, Z) = c^e^P{Zp). 
Replace (PTTH|) in (fTTT)) to obtain: 

(2.19) divT2(Z) = 4(2 - m)(5 - m)c^e^''(Zp), 
and from (ITT?)1) and (ICTH) 

div52(Z) = 2(2 - m){m - A)c^e'^P{Z p). 

We conclude since p is not constant and m ^ 2. □ 

Remark 2.13. The function p in Proposition 12 . 1 2] is isoparametric (though 
not affine) on (M,g). On Einstein manifolds, interesting links between bi- 
harmonicity of the identity (modulo a conformal change of the metric) and 
isoparametricity of the conformal factor have been discovered in |lj . 

We close this section with another application of divS'2 = 0. 

Let a £ C{q'^T*M), a = aijdx'dx^ , andX G C{TM), X = X^£^. Consider 

the contraction C{X,a) = X^g^'ahj^r = X^(^)£, = {a{X, ■)/. As 
dwC{X,a) = dwa{X) + ^{a,Lxg) 

we deduce: 

Proposition 2.14. If X is Killing and (j) : {M,g) iX,h) hiharmonic 
map, then C(X, 5*2) is divergence free. 

3. Vanishing of the biharmonic stress-energy tensor 

Clearly, from 1)2.12(1 . harmonic implies «S'2 = 0, so it is only natural to 
study the converse. Note that F{g) is nonnegative and zero if and only if (j) 
is harmonic. Thus our quest is of critical points (5*2=0) which are minima. 

Before embarking on this problem, observe that 5*2 = does not, in 
general, imply harmonicity, as illustrated by the non-geodesic cubic curve 
7(t) = t^a, a G M". Yet, if we impose arc-length parametrization, we have: 

Proposition 3.1. Let 7 : / C M — > {N,h) be a curve parametrized by 
arc-length, assume S2 = 0, then 7 is geodesic. 

Proof. A direct computation shows: 
= ^|r(7)P. 

□ 
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When the domain is a surface, 5*2 = is indeed very strong. 

Proposition 3.2. Let (j) : (M'^^g) — > {N,h) be a map from a surface, then 
82 = implies (p harmonic. 

Proof. The trace of S2 gives: 

= trace S2 = \T{(f))\^ + 2{dTi(p),d(p) -2{dT{(j)),d(l)) 

= \rm'- 

□ 

For the sequel, we first need a reformulation of ^2 = 0: 

Proposition 3.3. Let cj) : {M,g) — > (A^, h), m 2, then S2 = if and only 
^/ 

(3.1) -^\r{(t>)\^{X, Y) + {VxT{4>),d4>{Y)) + {VYr{<f>),d^{X)) = 0, 
m — 2 

yX,Y £ C(TM). 

Proposition 3.4. A map 4> : {M"^,g) {N,h), m > 2, with 82 = and 
rank (p < m — 1 is harmonic. 

Proof. Take p € M, as rank (j){p) < m — 1, there exists a unit vector Xp S 
kerdcpp and for X = Y = Xp, 1)3.11) becomes T{<j)){p) = 0. □ 

Corollary 3.5. Let 4> '■ {M,g) {N,h) be a submersion (m > n), if S2 = 
then (j) is harmonic. 

Recall the following result, originally due to Jiang 

Theorem 3.6 ([HI). A map (p : iM,g) iN,h), m / 4, with S2 = 0, M 
compact and orientable, is harmonic. 

Proof. Trace of ^2 is 

(3.2) = trace 52 = y |r(0)|2 + m(dr((/)), - 2 (dr ((/<), #), 
and integrating over M: 

A — m f , , , ,9 

= —^ / vm^v, 

^ JM 

hence, as m 7^ 4, (/> is harmonic. □ 

Remark 3.7. An alternative proof is: consider the one-parameter variation 
{gt = {l + t)g}, then 

V m — 4 

F{gt) = {l+t) — F{g). 

Now 5*2 = implies 5{F{gt)) = hence (m / 4), F{g) = 0, i.e. cp is 
harmonic. 

When M is not necessarily compact, Theorem 13.61 can be rewritten for 
Riemannian immersions: 
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Proposition 3.8. A Riemannian immersion (j) ■ {M, g) (N, h) with S2 = 
0, m ^ 4, is minimal. 

Proof. By (f2?T3|) . {dT{(p), d(p) = -|r((/>)p, and replacing in (|S2J yields 

4:-m 2 r, 

k(0)r = 0, 

forcing (j) to be minimal. □ 

The next result introduces integral conditions ensuring that 5*2 = reveals 
harmonicity. First we cite Yau's version of Stokes Theorem: 

Lemma 3.9 (HHD- Let {M"^,g) be a complete Riemannian manifold and uj 
a smooth integrahle {m — l)-form defined on M . Then there exists a sequence 
of domains Bi in M such that M = \j^Bi, Bi C i^i+i, and limj^oo Jb ^ ~ 
0. 

Theorem 3.10. Let {M,g), m ^ 4, be an orientable complete Riemannian 
manifold and (j) : {M,g) {N,h) a map with S2 = 0. // Jj^j \d(j).T{(p)\ Vg < 
00 then (p is harmonic. 

Proof. For m = 2, this is Proposition 13.21 so now assume m 7^ 2. The trace 
of ^2 and (|2.13|) result in: 

^ \t{(1))\'^ Vg = (divX) Vg = d{ixvg), 



2(m - 2) 



where X = (^dcp.T^cj))) . We now apply Lemma IS^ to u = ixVg. To compute 
the norm of oj, choose p & M and a local normal chart {U; x^)^^^ around it: 

Vg{p) = dx'A...A dx^, = (-1)'-*"'?', 



so 



W?{p) = \'i'XVg\'^{p) = ^ {{ix{p)Vg)h,...,i^.^f = {m- 1)! \X\^{p). 

ii,...,im-i=l 

Now, |X| Vg = J^^ |(i0.T(0)| < 00, SO UJ is integrahle. By Lemma f3.9l 
limj^oo /b- doj Vg = 2(^-2) li™i-^oo Jb^ = 0, hence is harmonic. 

□ 

Corollary 3.11. Let {M,g), m ^ A, be an orientable complete Riemannian 
manifold and (j) : (M, g) (N, h) a map with finite energy and bienergy. If 
^2 = then (j) is harmonic. 

Proof. Let p be a point of M and {U]x^)^^, (^j2/")o=i be local normal 
charts around p and respectively. At p 
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SO, by Cauchy Inequality 



Therefore, at p 



Consequently, 

|#.T(0)h,</ \dcP\\TicP)\vg<(f Idc^l'vXUl |r(0)|2^;,)" <oo. 



and we can apply Theorem I.S.IOI □ 

When m = 4, the situation is drastically different, that is 5*2 = does 
not always imply (p harmonic, even if M is compact. 

Theorem 3.12 (jl8j). A non-minimal Riemannian immersion (j) : {M^,g) — > 
(A^, h) satisfies S2 = if and only if it is pseudo-umbilical. 

Proof. First note that for a Riemannian immersion, S2 reduces to 

(3.3) S2{X,Y) = -^\Ti<P)\\X,Y) + 2{t{cP),B{X,Y)), 

B = \/d(j) being its second fundamental form. Recall that a Riemannian 
immersion is pseudo-umbilical if and only if its shape operator A satisfies: 

equivalently 

{B{X,Y),T{^)) = -\rm''{X,Y). 
m 

Comparing with ()3.3|) ends the proof. □ 

To weaken hypotheses, we consider conformal immersions and show "rigid- 
ity". 

Proposition 3.13. Let (j) ■ {M'^,g = e^P4>*h) {N,h) be a conformal 
immersion, M compact and orientable. If S2 = then p is constant and 
(j) : {M^,(j)*h) {N,h) is a pseudo-umbilical Riemannian immersion. 

Proof. Put ^ = e~'^^g = (t)*h, denote by V the connection of 5, by 1 : 
{M,g) {M,g) the identity map, so that (j) '■ i^^g) ~^ {X,h) is a Rie- 
mannian immersion, and (j) = cj) o 1. By chain rule: 

r(0) = d^(r(l)) +traceg V#((il-,(il-) 

= 2#(grad<^/))+e-2''r(0), 

and computing the norm yields 

(3.4) |r(<A)P = 4|dfead,p)|2 + e-^nr(^)|2 

= 46-2^-1 grad^pl^ + e-^/'h^^^'^ 
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Next: 

(Vx#(grad^ p),d4>{Y)) = {Vd^{X, grad^ p) + d^{Vx grad^ p), d^{Y)) 

(3.5) = giVxgTadgP,Y)=g{Vxie-^'gTadgp),Y) 

= -2e'^P{Xp){Yp) + e-^Pg{Vx grad^P,!^), 

whilst 

(3.6) (Vxe-'^r(0),#(y)) = -e~^P{T{^),Vd4>{X,Y)). 
From (|3.5)) and (|3.6j) . we obtain 

(3.7) (Vxr(<A),#(r)) = e-2''(-4(Xp)(yp) + 25(Vxgrad^P,y) 

-(r(0),Vd^(X,y))) 

and 

(3.8) (#,Vt(0)) = -e-^^(4|grad^/5|| + 2A^/, + |r(^)|2), 
where is the Laplacian with respect to 'g. 

Let ^2 be the stress-energy tensor of (j), by ()3.4() . 1)3. 7|) . (|3.8() . and | grad^ p|g = 
g-2p| g];a(j_p|2 ^ straightforward computation gives: 

^ g 

e^PS2{X,Y) = 5^(X,y)-2(|grad^H| + A^p)5(^,F) 

(3.9) +^{Xp){Yp) - 2(5(Vxgrad^p,y) +5(Vy grad^p,X)). 

Assume 5*2 = 0, taking the ^-trace of p.9() . we obtain A^/o = 0, hence, as 

M is compact, p is constant. Replacing in (|3.9|) shows that S2 vanishes as 
well. □ 

Proposition 3.14. Let cf) : {M^,g) {N,h) be a map, M compact, with 
S2 = 0. // there exists p G C°^(M) such that : {M'^,g = e^Pg) {N, h) is 
harmonic, then (j) is harmonic. Moreover, if rank (j) = A, p must he constant. 

Proof. Denote by 1 : {M,g) iM,g) the identity map, then T{(j)) = 
—2d(p{gii:adg p). Choosing X = Y = grad^p in ()3.1() . implies: 

= ^k('/')P|gradgPlg + 2(Vgi.adjpT((/)),d(/>(grad^p)) 

= ^k('A)l^|grad^p|g - (Vgrad,pr(0),r((/>)) 

= i|r(<A)P|grad^p|2-igrad^p(|r(<^)|2). 

Since M is compact, |t((/>)P attains its maximum at po. Evaluating the last 
equation at this point, shows |t((/))P(po) = 0, therefore everywhere. 
Furthermore, = t((/)) = —2d(p{gradg p) and rankc/) = 4, imply that p is 
constant. □ 

Proposition 3.15. A map (j) : {M'^,g) — > {N'^,h), M compact, with 5*2 = 
and rank(/> = 4, is harmonic. 
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Proof. As d(l)p : TpM — > T^(^p^N is an isomorphism at any point, there 
exists a unique vector field Z such that d4>p{Z) = t{(I))(j)), £ M and 
Equation ^1^ . with X = Y = Z, reads 

= ^|r((/>)|2|Z|2 + 2(Vzr(0),r(0)) 

= \\r{4>)W + Z{\ri<t>t). 

Therefore the maximum of |r((/))p must be zero. □ 

By Proposition El if (/) : {M^,g) {N,h) has rank0 < 3, 52 = is 
equivalent to harmonicity. 



4. Maps with parallel stress-energy tensor 

This section is dedicated to maps with parallel stress-energy tensor. Be- 
fore we study in details the condition V52 = 0, we show that, in certain 
circumstances, this condition is equivalent to divS'2 = 0. Indeed, denoting 
by Riem''^ the sectional curvature of M, we have 

Proposition 4.1. Let (p '■ iV^+i be a Riemannian immersion with 

constant mean curvature. Assume that N has constant sectional curvature, 
and M is compact, orientable with Riem^ > 0. Then div52 = if and 
only if\7S2 = 0. Moreover, i/ Riem^^ > 0, then divS'2 = if and only if 
S2 = ^g, A G M, i.e. M is umbilical. 

Proof. Under the hypotheses on and N, the Codazzi equation becomes 
{VxAh){Y) = {VYAH)iX), VX,y G C{TM). Thus, the tensor S2, as an 
(1, l)-tensor on M, satisfies 

(VxS2)(y) = (VyS2)(X). 

Now, applying a result of Berger (see, for example, [22l page 202]), the 
proposition follows. □ 

If V5'2 = then clearly div 5*2 = so, from Corollary 12.51 a submersion 
with parallel stress-energy tensor is biharmonic. Notice that Proposition 1^21 
and l2.12l a'). give examples of submersions with V52 = 0, and that Riemann- 
ian immersions with VS2 = have normal bitension field. 

Proposition 4.2. If a non-minimal Riemannian immersion (j) : {M"^,g) — > 
{N,h), m 7^ 4, has VS2 = 0, then \t{(P)\ is constant. 

Proof. For a Riemannian immersion: 



S2{X,Y) = -^\T{^)f{X,Y) + 2{T{^),Vd^{X,Y)). 
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Thus 

= {VS2){Z,X,Y) = {VzS2){X,Y) 

= -1z(|t(<A)|2)(X, Y) + 2(z(t(<A), V#(X, Y)) 

-{T{(l)),Vd(l){VzX,Y)) - (T(0),V#(X,Vzy))). 

Take p G M and {Xi}^^ a geodesic frame around it, choose X = Y = Xi 
and sum up, to obtain: 

^Zi\r{m=0. 

□ 

Remark 4.3. The hypothesis m 7^ 4 is essential. Indeed, a pseudo-umbihcal 
Riemannian immersion (j) : iM^,g) {N, h) satisfies ^2 = 0, hence V52 = 
0, but |t((/))| is not necessarily constant. 

Theorem 4.4. A hypersurface i : M™- N'^'^^, m 7^ 4, has VS'2 = if 
and only if it is parallel. 

Proof. If VS'2 = 0, |T(i)| = m\H\ is constant and T(i) = cq, where c is 
constant and 77 is a unit section of the normal bundle. Moreover, 

S2{X,Y) = -^{X,Y) + 2c b{X,Y), 

where b{X,Y) = {ri,Vdi{X,Y)) = {r],B{X,Y)). We immediately infer that 
VS'2 = implies V6 = 0, i.e. M is parallel. 

The converse is immediate, since V6 = implies \H\ constant. □ 

Parallel hypersurfaces of space forms are classified (^Sl)) and for the 
Euclidean sphere S™^^ parallel hypersurfaces are either hyperspheres §™(a), 
a G (0, 1], or Clifford tori S'"i(ai) x S™^^^^), where aj + al = 1, ai G (0, 1), 
and nil + ^2 = fn- Observe that hyperspheres are umbilical, while the 
Clifford tori are not. 

Proposition 4.5. Let (j) : {M,g) — > {N,h) be a non-minimal pseudo- 
umbilical Riemannian immersion. 

a) If m = A then S2 = 0, hence VS2 = 0. 

b) If m ^ 4, VS2 = if and only if |t((^)| is constant. 

Proof Since (j) is pseudo-umbilical, {Vd(p{X,Y),T {(/})) = ^\t{^)\'^{X,Y), 
consequently, 

S2{X,Y) = ^\t{cP)\^{X,Y). 

□ 

The (pseudo-)umbilical hypersurfaces of space forms are classified |12l, 
and have constant mean curvature. We indicate now a method to construct 
pseudo-umbilical submanifolds of constant mean curvature. 
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Proposition 4.6. A minimal submanifold j : — > P"-^^ and a non- 
minimal umbilical hypersurface of constant mean curvature i : P""^ 
compose into a constant mean curvature pseudo-umbilical submanifold ioj : 
M ^ N. 

Proof. Using the chain rule, the proof follows by a standard argument. □ 

Remark 4.7. Take AT = S", P = S"~^(a), a G (0,1), and M minimal 
in S"^^(a), then the tangent part of T2(i o j) vanishes. Moreover, i o j is 
biharmonic if and only if a = (Eim)- Differently, replacing N by M*^ 
or H" in the above construction, i o j is never biharmonic (|21jl. 

Remark 4.8. Let i : M ^ be a submanifold, the tangent part of r2(i) is 

my- 

(r2(i))^ = -m{—gvad{\Hf) + 2traceA^±{-) + 2tvace{R^{dl,H)di-y) 

= -m( - ^grad(|/f|2) + 2trace(VAH)(•,•))• 
A direct computation shows that, indeed, under the hypotheses of Theo- 
rem Ul] and Proposition 14.51 T2(i) has vanishing tangent part. 

5. The case 52 = Xg 

The bienergy functional is homogeneous of degree zero with respect to 
the domain metric only in dimension four. Therefore, unless m = 4, the 
bienergy can be made arbitrarily large or small by homotheties. To get 
around this problem, one considers variations with fixed volume. This type 
of variational problem is at the heart of Einstein metrics (see 6 ) . 

Let g' be a Riemannian metric on a compact, orientable manifold M and 
{gt} an isovolumetric variation g, i.e. Yol{M,gt) is constant, then 

= 6{\o\{M,gt)) = l [ {g,oj) Vg. 

This says that uj is orthogonal to g with respect to the L^-scalar product on 
TgG = C{Q^T*M). By Theorem ESI with respect to {gt}: 

HF{9t)) = -l I {S2MVg = -\{S2.u:). 
^ JM ^ 

Therefore, a critical point g of F, with respect to isovolumetric variations, 
must be colinear with S'2, as vectors in TgG = C(0^T*M), i.e. S2 = Xg for 
some A G M ([ZIIMI). 

The trace of ^2 = A5 implies: 

Proposition 5.1. Let 4> : {M"^,g) {N,h) be a map with S2 = Xg. If one 

of the following holds 

a) m = 2, 

b) rank(/> <m — 1, m> 2, 

c) (p is a submersion, m> 2, 
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then the norm of t {(f)) is constant. Moreover, in case c) is biharmonic. 

Proposition 12.61 and 12. 12l al . give examples of submersions with 52 = Xg. 

Proposition 5.2. If 4> : {M'",g) iN,h) satisfies S2 = Xg, with M 
compact and orientable, then: 

a) //m = 4, A = 0. 

b) Ifm^A, ^f,,\T{^)\^ Vg = XmYol{M). 

For Riemannian immersions we have the complete classification. 

Theorem 5.3. For a non-minimal Riemannian immersion (j) : {M'^,g) 
{N, h), 5*2 = Xg if and only if (j) is pseudo-umbilical and, if m ^ A, the norm 
of T((j)) is constant. 

Proof. Since the trace of S2 = Xg gives: 

(5.1) __|^(^)|2 = Am 

if m = 4, then A = and 52 vanishes, i.e. (Theorem K-{.12|) (j) is pseudo- 
umbilical. 

If m 7^ 4, (|5.1j) shows that |t((/))| is constant. Then, replacing the value of A 
in the equation ^2 = Xg, we obtain that (p is pseudo-umbilical. □ 
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